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Modeling of crystallization processes is usually based on deterministic population
balances. Although conceptually there is no such limitation, population balance modeling
is used only up to a few internal dimensions because of the computational effort.
Alternatively, Monte Carlo methods are increasingly used for the simulation of particulate
systems. There, the characterization of particles is also often limited to a few size and
shape parameters similar to those of deterministic population balance modeling. A major
advantage of Monte Carlo methods, however, is its simple extensibility to more complex
particle characterizations. However, actually considering the full three-dimensional
shape of a complex agglomerate may lead to a prohibitive computational effort. To
overcome this bottleneck a hierarchical particle characterization is proposed. This
characterization allows the realistic representation of the agglomerates, without the need
for detailed geometric computations for each particle. Instead of the full geometry,
substitution systems are introduced that can be used to perform aggregation events or to
identify crystal faces that are available for growth. The substitution systems consist of
point mass systems, which preserve certain characteristics of the original agglomerate
such as the moment of inertia. Numerical studies show the applicability of the approach.
Based on this characterization, modeling of rate processes can be performed on a much
higher level of detail than is allowed by standard one- or two-dimensional particle
characterizations. © 2006 American Institute of Chemical Engineers AIChE J, 52: 24362446,
2006
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Introduction

Modeling of disperse-phase processes is often based on the
population balance equation (PBE). It allows evaluation of the
deterministic evolution of particle size distribution. Introduced
by Hulburt and Katz,! population balances have gained ever-
increasing popularity for the modeling of various applications
dealing with dispersed-phase systems (crystallization, cloud
droplet formation, aerosol reactors, polymerization, etc.). In
particular, crystallization is a main application for population
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balance modeling probably induced by the pioneering textbook
by Randolph and Larson,? which strongly focuses on this topic.
Over the past decades numerous solution techniques for the
PBE have been developed and successfully applied to a variety
of problems (see work by Kumar and Ramkrishna3-5 and ref-
erences therein). However, most of these techniques deal with
the solution of population balance models with only one inter-
nal dimension. A one-dimensional approach may, for example,
be reasonably applicable to droplets in emulsions, which usu-
ally form spheres. Also in crystallization mostly a one-dimen-
sional characterization of crystal size has been used. Depend-
ing on the objective of the simulation, a characteristic crystal
length (length, width, volume equivalent sphere diameter, etc.)
or the particle volume may be chosen.
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On the other hand, it is well known that real crystals can
hardly ever be represented by one characteristic length. Even
nonagglomerated crystalline particles can exhibit complex
shapes® that can strongly affect the value of the product.
Especially for high added-value products such as pharmaceu-
ticals, the shape—besides the polymorphic form—is of major
interest. Disregarding any population of particles, a general
problem is to predict the stationary complex shape of growing
crystals. Modern approaches to its solution try to correlate the
growth rate of the several crystal faces to the attachment energy
of single molecules to the crystalline structure. Reviews on this
topic have been given by Winn and Doherty’ and Bennema
et al.8

Considering agglomerated crystals, a detailed characteriza-
tion is even more difficult. To fully characterize a particle with
a complex habit of the primary crystals and an agglomerate
structure, many inner variables are needed. Modeling a process
on the basis of such a detailed characterization by means of a
population balance approach would consequently lead to a
high-dimensional partial differential equation, which poses
considerable challenges on solution techniques.

Although primary particle shape and agglomerate structure
affect downstream processing properties such as filterability,
flowability, or mechanical stability, the detailed crystal shape is
rarely considered. Also the rate processes determining the
crystallization behavior depend on the shape properties of the
particles.® This deficiency is probably one of the reasons that
crystallization models for industrial processes have not yet
reached the same level of predictiveness as models for standard
fluid-phase processes such as distillation.

To overcome this deficiency a number of researches have
worked on developing models and solution techniques for
higher-dimensional PBEs. In fact, Hulburt and Katz' them-
selves formulated the population balance with an arbitrary
number of internal coordinates and derived solution techniques
on the basis of the method of moments for the one- and
two-dimensional cases. More recently, some researchers inves-
tigated the simultaneous evolution of particles size and
shape!®-13 using a characterization in which both the length and
width of crystals are considered. Zhang and Doherty'# coupled
a separate shape evolution model'> with a standard one-dimen-
sional population balance model, which also allowed simulta-
neous tracking of particle size and shape.

Fractal aggregate structures are also frequently investigated
in the context of aerosol processes. There, the structure of
aggregates is predicted by cluster—cluster aggregation algo-
rithms based on pioneering work by Witten and Sander'® or by
cluster evolution!? arising from coagulation and sintering.
However, contrary to this study, parallel crystal surface
growth, which is essential for crystallization, is to the author’s
knowledge usually not considered. Also these studies are
mostly limited to one or a low number of clusters and use
simple geometries (spheres) for characterization of the primary
particles.

Besides for the modeling of complex shape, two-dimen-
sional particle characterizations have also been used to address
other crystallization problems as well as applications different
from crystallization. Induced by the discussion on the effect of
inner lattice strain on the growth of crystals,'® Gerstlauer et
al.’® formulated a two-dimensional population balance model
considering particle size and inner strain as two independent
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inner coordinates and solved the model by means of a non-
equidistant finite-volume method.

Despite the progress achieved for multidimensional popula-
tion balance modeling, several authors?0-23 state that the use of
deterministic techniques to solve the PBE will face restrictions
because of the complexity of implementation and the compu-
tational load when further increasing the dimension of particle
characterization. Instead, they all explore stochastic (or so-
called Monte Carlo) techniques to solve population balance
problems. Monte Carlo techniques explicitly monitor the evo-
lution of an ensemble of discrete particles by artificially real-
izing probabilistically selected events. Because the different
methods are developed for different fields of application, only
the methodological characteristics of the methods will be
briefly reviewed, irrespective of the actual technical problem.

Monte Carlo solution techniques were first introduced by
Metropolis and Ulam.?* Although they addressed several prob-
lems in physics, Spielman and Levenspiel?> were the first to use
the Monte Carlo approach to solve problems involving dis-
persed-phase systems by investigating the behavior of a two-
phase reactor. Especially for a small number of particles where
the continuity assumptions of the PBE are inherently violated,
stochastic methods can be used.?® Later on the theoretical
connection between the deterministic PBE and stochastic so-
lution methods were established by Ramkrishna,?” basically
showing their equivalency.

Current Monte Carlo methods for solving population balance
problems may be categorized by means of the selection of the
time step. In time-driven Monte Carlo simulations a time
interval is chosen and the algorithm performs a number of
events that probabilistically occur during this interval.20-28
Thus, the time steps have to be chosen explicitly by the user or
an appropriate algorithm. During this time step several events
are performed on the basis of the rate expressions. In case of an
event-driven Monte Carlo simulation?'2°-30 an interevent time
is computed on the basis of the active rate expressions. After
this time step one of the possible events is probabilistically
selected.

Another distinguishing property of Monte Carlo methods for
population balance problems is the choice of the control vol-
ume. Obviously, the number of particles in the actual physical
system (such as the crystallization vessel) is far too large to be
used for simulation purposes. Instead a small control volume is
chosen that consists of a representative sample of the particle
population. This control volume can be chosen to be fixed.20:2¢
If the number of particles within this control volume is about to
change (which is the case for all rate processes apart from
growth), this affects the statistical significance of the sample.
To remedy this, the control volume can be adapted over the
simulation time on the basis of certain criteria (such as whether
the particle number has halved?!-3!) or after each step to ensure
a constant number of particles.?32°

Monte Carlo techniques can of course also be used for the
simulation of one-dimensional population balance prob-
lems,2932 although the benefit compared against deterministic
methods is questionable.?> Generally, a number of studies have
shown the benefit of Monte Carlo methods for the simulation of
multidimensional population balance problems.20:22:30-33 Only
the work by van Peborgh Gooch and Hounslow?? explicitly
deals with crystallization. In their most complex example they
used a four-dimensional crystal characterization using size,
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growth rate, number of primary crystals in an agglomerate, and
the number of slow growing primary crystals in an agglomerate
as internal coordinates.

Monte Carlo methods are distinct for their simplicity in
implementation and the flexibility to incorporate the underlying
physics in the model. Incorporating more complex physics in
the model on the other side increases the computational effort.
For multidimensional problems, for example, an increasing
number of discrete particles is needed to ensure statistically
relevant results. However, these complex problems are hardly
accessible by deterministic approaches in the first place. Fur-
thermore, the computational load will only limit the efficiency
but not the general applicability to complex problems. With the
expected gain in computational power, the range of manage-
able problems will continuously increase.

A further disadvantage of Monte Carlo methods is that
model-based techniques (optimization, parameter estimation,
model-based control) usually used with deterministic models
may be more difficult to realize. However, attempts to carry
over the methodologies from equation-based models have al-
ready been made.>*

To the author’s knowledge, there is no study that actually
addresses the evolution of a particle population in which the
particles are characterized reflecting a realistic geometric
shape. Because of the difficulty to experimentally investigate
complex shaped particles, this may not seem to be a major
drawback. However, recent advances in measurement technol-
ogy based on image analysis®>-37 are about to overcome this
experimental deficiency.

From a modeling perspective, a fully detailed characteriza-
tion indeed seems infeasible, given that a huge number of
internal coordinates would be needed as a result of the huge
number of geometrical degrees of freedom. Thus, there is a
need for a reduced characterization that is still capable of
reflecting a realistic geometric shape.

In the present contribution a hierarchical particle character-
ization will be presented, in which the geometric complexity is
represented on different levels of detail. This is done by intro-
ducing a substitute particle characterization instead of the full
detailed characterization. Because of the complexity of the
presented example, the PBE itself will not even be considered.
Instead the model will be formulated directly in the sense of the
Monte Carlo approach. The focus of this contribution will be
on the methodological development. For the considered rate
processes (growth and agglomeration), simple expressions are
used that do not reflect the actual rates of a specific crystalline
substance or a specific experimental configuration.

Methodology
Hierarchical particle characterization

Primary Particle Characterization. Most of the crystals
that appear in industrial processes exhibit a needle- or plate-
like habit. The characterization of the primary particles, there-
fore, has to be able to reflect this observation. The primary
particles are modeled as arbitrary cuboids for which three
independent side length halves [,, [,, and /5 must be specified
(see Figure 1). The complexity of this system can be reduced
by assuming that two of the side lengths are equal, which
would still allow characterization of needle- and plate-like
habits. Also a characterization of the primary particles as
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cube

plate
arbitrary cuboid

Figure 1. Primary particle characterization as an arbi-
trary cuboid.

spheres, which might be appropriate for aerosol processes,
would simplify the characterization. Obviously, additional
complex shapes may also be considered. For the full shape
characterization of arbitrary crystals, many more than three
characterizing lengths may possibly be necessary. The chosen
characterization using three independent side length halves,
however, is already capable of reflecting the main geometric
properties of many primary particles.

Agglomerate Characterization. Agglomerates consist of a
number of primary particles with a relative position to each
other. To determine this relative position, two coordinate sys-
tems are introduced: the coordinate system of a primary parti-
cle object and the coordinate system of an agglomerate object.
If the relative position of different agglomerates would be of
interest, one could additionally construct a third coordinate
system reflecting the actual three-dimensional space.

Each of the primary particles has its own coordinate system.
The origins of these coordinate systems are the center of mass
of the respective primary particle. The orientation is given such
that the axis x,, x,, and x5 are parallel to the side length halves
ly, 1, and I5, respectively. The coordinate system for one
primary particle is also depicted in Figure 1. Consequently, the
corner B in Figure 1 can be expressed in homogeneous coor-
dinates by x; = (I,, L, I5, 1)". The concept of homogeneous
coordinates is borrowed from computer graphics.® It enables
one to code arbitrary affine mappings as one single matrix
operation. Considering a general affine mapping in three-di-
mensional Cartesian coordinates [index (¢)]

A E R
(D

x{v) = Ax(f) +t with x(c), X(e)s te R3><1

where A defines an arbitrary rotation and scaling and ¢ defines
a translation. A more compact representation of a combined
rotation and a translation can be obtained when an additional
coordinate is introduced:

X rao o s I [ X
X rap T Tz L] X2
= Sx'=M-x (2
X3 31 T3 Tz I3 X3
1 O O 0 1/\1
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Besides the more compact representation the computational
power of matrix-oriented packages such as Matlab (The Math-
Works, Natick, MA), which is used here for implementation,
can be optimally exploited. Unless otherwise noted all points in
this contribution are specified in homogeneous coordinates.

The coordinate system of the agglomerate has its origin in
the center of mass of the agglomerate. The orientation of this
coordinate system will be discussed in the section on the
substitution systems. For now, let the orientation be completely
arbitrary.

To determine the position of a primary particle within an
agglomerate, it iS now necessary to define the position and
orientation of each primary particle coordinate system within
the agglomerate coordinate system. Mathematically, this can be
represented by the transformation matrix M, which transforms
(rotates and translates) the primary particle coordinate system
to the agglomerate coordinate system. Thus, each agglomerate
is fully defined by a number of primary particles with given
side length halves and given transformation matrix. Having
defined /,, [,, and /5 as well as the transformation matrix M for
each primary particle in an agglomerate, the geometry is com-
pletely specified, although geometry is not the only important
parameter for agglomerated primary particles. Consider two
primary particles being attached to each other. If the particle is
subject to surface growth, the faces where the particles are
attached to each other will no longer be able to grow. There-
fore, each primary particle face will additionally be character-
ized by a growth flag g; specifying whether the face is still able
to grow (value = 1) or whether the growth of the face is
geometrically hindered by attached particles (value = 0):

8= (gl! 825 83> 845> 855 gé)T (3)

For the association of the vector entries to the faces see
Figure 1.

The complete characterization of the particle ensemble is
therefore given by

l(i’j), g(i.j), M) 4)
wherei = 1, ..., n,,, specifies the single agglomerates and j =
l,..., n,,; determines a single primary particle within the

agglomerate i. In the following the upper index (i, j) will
frequently be used to address primary particles j within an
agglomerate i. This may also include single primary particles.
In that case the number of primary particles n,,; in the ag-
glomerate i will be 1.

Altogether, this gives a quite detailed representation of both
primary particles and agglomerated structures. However, espe-
cially for evaluation of an aggregation event this detailed
description is rather complex, making the determination of a
newly formed agglomerate resulting from the aggregation of
already existing agglomerate structures very tedious. Although
in principle a rigorous determination of the contact points of
two agglomerates with arbitrary orientation to each other is
possible, it must be expected to be very time consuming. To
improve performance, it is therefore suggested to introduce
another hierarchical level of detail for the agglomerate charac-
terization that can be used for aggregation events without
losing too much of the realistic description of the geometry.
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A. Original primary particle

B. Representation of
primary particle by means
of substitution masses

Figure 2. Simple mass point substitution system for pri-
mary particle.

Substitution Systems. The low complexity level character-
ization of agglomerate structures constitutes a system of point
masses. This substitute point mass system should preserve as
many properties of the original system as possible. Considering
only a single nonagglomerated primary particle, a system of
seven substituting point masses is introduced. One point mass
is positioned in the center of mass, whereas two mass points are
positioned at opposite sides of each coordinate axis (see Figure
2). The position and the actual value for the substitution masses
can uniquely be defined by demanding the preservation of the
center of mass, the preservation of the moment of inertia with
respect to the coordinate axes, and considering the overall
extension of the primary particle. These restrictions result in
the trivial solution of six point masses, which are located in the
centers of the faces of the primary particle. Each of these point
masses is just one sixth of the total mass of the primary particle
m{;”. The mass point in the center of the particle has the value
0. Thus only six point masses are actually necessary. The
formulation of the restrictions and the derivation of the result-
ing system are given in the Appendix. According to that
derivation the substitution system can be represented by

. i) "
Xplp.js)ubst - [x(ll Do Xy 1)]

50 0 = 0 0

o & o0 0 -5 0
“lo o & o o —g| ©

(S S 1 1

(i.J)
mt) =P (L) (6)

pp,subst 6

The substitution system for an agglomerate structure is less
obvious. For consistency, the substitution system of the ag-
glomerate structure should be of the same character as the
primary particle substitution system. Thus, a coordinate system
should be constructed such that seven point masses reflect the
main geometry and behavior of the agglomerate.

The determination of the substitution systems is based on all
the substitute masses of the primary particles (see Figure 3B).
These constitute a set of mass points in an arbitrary agglom-
erate coordinate system:

X(i) — [M(i’l) .X;i,l)

agg p,subst> * *

., M(is"nw) . X”ﬁ"m)-r)] (7)

pp,subst
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A. Original aggregate

B. Set of primary particle
substitution masses

C. Principal components

D. Aggregate substitution
masses

E. Reduced representation
of the aggregate

Figure 3. Construction of the mass point substitution
system from the point masses substituting the
primary particles.

(i) — (i,1) (i,npp.i)
magg - [mpp,subst’ R mpp,sflpbst (8)

Recall that the matrices M reflect the transformation of the
coordinates system of primary particle j to the coordinate
system of the agglomerate i. Without restriction of generality,
we can assume that the origin of the agglomerate coordinate
system is in the center of mass of the set of mass points Xg’;_;g.
Unless this was true a simple translational operation that would
just give different values of M would ensure this assump-
tion. Note that the center of mass of the set of mass points ngg
by definition also is the center of mass of the real set of primary
particles.

The seven point masses should again be positioned on the
axes of the agglomerate coordinate system. Until now the
coordinate system of the agglomerate was arbitrarily oriented.

To reflect the overall geometry of the agglomerate a princi-
pal components analysis (PCA) is performed. The resulting
principal components are used as the axes of the agglomerate
coordinate system (see Figure 3C). To account for the different
masses of the mass points the positions are weighted by the
corresponding mass*:

(D" ]
— [m(i,l) l1‘4(1',1) ,X(i,l)

pp.subs pp.subst> * * *

MO Xl T (9)

> pp.subs

Note that the data matrix D constitutes only Cartesian coor-
dinates because no translation will be involved in determining

* All the positions at which the corresponding mass is zero are neglected.
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the new directions. A PCA of D® will therefore yield the
directions of the maximum variance of the mass distribution in
the agglomerate. Given that the mass-weighted matrix is cen-
tered—recall that the current coordinate system has its origin at
the center of mass—a singular value decomposition

D(i) — U(i)S(i)[‘/(i)]T (10)

yields the desired principal components. The principal compo-
nents of the mass weighted matrix D are just the columns of
the 3 X 3 matrix V.39 These principal components are now
used as the axes of the new coordinate system:

. Vool .

IX), = [ 0 l]mgg]' > (11)
_ L0 R B

oy =Yyl T (12)

The rows of the matrix [X{},]' now hold the positions of the
primary particle substitution masses in the system of the prin-
cipal components in homogeneous coordinates.

Now that the new coordinate system is available, the open
question is where to position and which value to assign the
seven substitution masses for the agglomerate. The position of
the substitution masses should be chosen to reflect the overall
geometry of the agglomerate. Here, the maximum [L{”, L$”,
L] and the minimum [LY”, LY, L] position of all coordinate
value of the corners of the primary particles in agglomerate i
are chosen. Alternatively, one may chose the maximum and
minimum values of the substitution masses of the primary
particles. However, this choice implies the possibility that the
substitution mass in the origin of the coordinate system be-
comes negative. Computationally, this is not a problem but
somehow contradicts common perception. On the other hand,
the choice made here leads to structures where the primary
particles may not actually touch each other when the number of
primary particles in an agglomerate increases.

To uniquely define the actual value of these seven point
masses a set of constraints is imposed. Again the center of mass
as well as the moment of inertia with respect to the principal
component axes is to be preserved. Again, a derivation of the
corresponding result (see Figure 3D) is given in the Appendix.

Consequently, the complete agglomerate is represented by a
seven mass point characterization reflecting the overall geom-
etry as well as the micromechanical behavior in a flow field
(see also Figure 3E):

LY o o0 LY 0 0 0
s o Yy o o LY 0 0 =
aggsubst — | () 0 L(3i) 0 0 L(ﬁi) 0 ( )
1 1 1 1 1 1 1
mz(aig)g,subs( = (mfwgg,subsl,l’ ] m(agg,subslﬂ) (14)

The following section will show how the reduced substitu-
tion systems for primary particles and agglomerates can be
used for formulating crystal growth and aggregation events
within a Monte Carlo simulation.
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Monte Carlo scheme

In contrast to a Lagrangian multiphase simulation, the Monte
Carlo scheme used herein does not track the position of the
agglomerates in space. Thus, collisions with possible aggrega-
tion are not determined a priori but are considered to occur at
a given frequency. Generally, one must distinguish between
event-based rate processes (nucleation, breakage, aggregation)
and continuous rate processes (feed, removal, growth). Only
crystal growth and aggregation are considered herein. No new
particle formation by any mechanism (primary or secondary
nucleation) is used. The aggregation rate 3 is chosen to be
proportional to the square of the number concentration of the
particles:

_ <nﬂgg>2 15
B =By (1)

where (3, is the aggregation rate constant and V- is the control
volume for the Monte Carlo simulation.

The growth rates are assumed to be constant. However, the
growth rates G,, G,, and G5 for the three different types of
faces may differ from each other.

The algorithm used here is event-driven. Thus, the time
between two aggregation events is given by

At = (16)

1
B

After each time step two particles (agglomerates or primary
particles) are arbitrarily selected and aggregated according to
the procedure given in the following section. After an aggre-
gation event all particles are grown according to the procedure
given below.

To compensate the decrease of particle number resulting
from aggregation, the procedure by Maisels et al.>! is followed
by adapting the control volume over time. If the number of
particles has dropped by 50%, the control volume is doubled.
Accordingly, the set of particles is doubled.

Realization of the rate processes

Growth. For nonagglomerated primary particles the
growth step is rather trivial. The halved side lengths /, are just
incremented according to the face specific growth rates:

I =10+ GAr,  k=1,2,3 (17)

In the case of an agglomerate, not all the faces are allowed
to grow. According to the growth flag specifications g in-
troduced above, only those faces are grown that are “at the
outer side” of the agglomerate:

g’ + gl

[0 = 1§07 + GAt,  k=1,2,3 (18)

If the center of mass moves according to nonsymmetric
growth, the coordinate system will be translated to remain in
the center of mass.
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A. Original aggregate

B. Set of primary particle
substitution masses

C. Substitution masses on
the convex hull are
marked black.

D. Aggregate; non growing
faces are filled black.

Figure 4. Identification of the growing faces by means of
a convex hull operation.

The major question remaining is: How does one identify the
growing and nongrowing faces? Again, concepts from com-
puter graphics/computational geometry are used. By a convex
hull operation all points of a data set can be identified that
construct a minimum convex hull containing all data points.
There are numerous algorithms that can be used to determine a
convex hull. Here, the standard algorithm given in Matlab*® is
used. Applying a convex hull operation on the set of locations
of the primary particle substitution masses identifies the mass
points that are “at the outer boundary” of the agglomerate (see
Figure 4). Because all primary particle substitution masses are
directly associated with the faces of the primary particles, the
faces corresponding to the set of point masses of the convex
hull are identified as growing faces. All other faces, for which
the corresponding mass point lies within the convex hull, are
considered to be nongrowing (see Figure 4D).

Aggregation. For aggregation the agglomerate character-
ization using the seven substitution masses is of major impor-
tance. Based on the information content of this characterization
many realizations of aggregation events are conceivable. Be-
cause the focus of this contribution is on the framework of
characterizing the particles, only a simple realization is pro-
posed. First, two particles, which may be agglomerates or
single primary particles, are arbitrarily picked from the set of
active particles (see Figures 5A and 5B). From each of these
agglomerates one of the substitution mass points is arbitrarily
selected (see Figure 5C). The particles are reoriented such that
the picked mass points coincide and that the corresponding
axes are parallel to each other. To allow more flexibility in the
formation of aggregates one of the particles is allowed to rotate
with an arbitrarily selected angle with respect to the common
axis.

Note that in the current realization the aggregations of any
agglomerate pairs have the same probability, which may be
unrealistic because smaller particles may be more mobile or
larger particles have a higher kinetic energy when colliding.
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C. Selected contact points

+ X

D. Aggregated substitution system

E. Final aggregate

Figure 5. Steps in the realization of an aggregation
event.

Simulation Results

To study the behavior of the Monte Carlo model six different
cases have been simulated. To model the growth behavior of
the primary particles three different scenarios are considered:
cubic growth, plate growth, and needle growth using the same
growth rate for all three types of faces of the primary particles,
two fast/one slow growing faces and one fast/two slow growing
faces, respectively. Each of these growth modes has been
combined with a high and a low aggregation rate. The values of
the used parameters and the initial conditions can be found in
Table 1.

As a consistency check, Figure 6 shows the number concen-
tration as a function of time. Because the growth behavior of
the particles does not affect the number concentration, only a
distinction between the high and the low aggregation rate is
necessary. Trivially, the number concentration decreases with
time because of the formation of aggregates. In accordance to
the notation used in deterministic population balance modeling,
the number concentration is denoted by w,, which is frequently
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Table 1. Parameters for the Monte Carlo Simulations

N, (t =0) = 10*

Initial number of particles age
[no aggregates, only primary particles
(np; = D]

Initial primary particle size

Initial number concentration

Gij) — (11 lT‘
1A —_(5, E’_E) 91 P{n3
wo (1 =70) = 10° (m™)

Cubic growth G, = 1077 (m/s)

G, = 1077 (m/s)

G, = 1077 (m/s)
Plate growth G, = 1078 (m/s)

G, = 1077 (m/s)

G5 = 1077 (m/s)
Needle growth G, = 107% (m/s)

G, = 1078 (m/s)

G, = 1077 (m/s)
Aggregation rate constant (high) By =5 X 107" (m%s)

Aggregation rate constant (low) Bo =1 X 107" (m¥s)

used for the first-order moment of the particle size distribution.
As expected, the number concentration decreases according to
the following analytical solution:

ot = 0)

1+ po(t = 0)Bot (19)

to(r) =

To assess the growth behavior, Figure 7 shows the solids
volume fraction. As expected, the solids fraction increases
more rapidly if all primary particle faces are allowed to grow
according to the fast growth rate specification. Therefore, the
increase is less pronounced from cubic growth by way of plate
growth to needle growth. However, the increase of the solids
volume fraction is also affected by the aggregation rate. For a
higher aggregation rate, the agglomerate structures become
more complex. This leads to shielding effects of some faces.
For highly agglomerated particles, not all faces are allowed to
grow. Consequently, a higher aggregation rate yields a lower
increase in the solids volume fraction.

To quantify this shielding effect, Figure 8 shows the mean
fraction of the surface area available for growth and the surface
area that would be available for nonagglomerated primary
particles:

1 Nagg A(i),available for growth

=— 2 Tom 20
Y nagg = A(l),totdl ( )
T
£
(=]
(]
= 08
=
c
8
© 0.6
c
Q
Q
j =
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Figure 6. Time evolution of the number concentration
for high (filled symbols) and low (open sym-
bols) aggregation rate.
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The plots show that for lower aggregation the surface area
available for growth decreases slower than for the highly
aggregating systems. For cubic growth the decrease is less
pronounced than for either plate growth or needle growth. In
particular, for plate growth the surface area available for
growth decreases by about 50%. Perhaps this is an unrealistic
value, which must be attributed to the simplifications made for
the growth face identification. For agglomerates with a large
number of primary plate or needle-shaped particles, only very
few points constitute the convex hull of the system, whereas
some of the nonidentified faces are actually still exposed to the
fluid.

This behavior is also reflected when looking at the evolution
of a volumetric shape factor. Because of the high irregularity of
the particles, a shape factor that uses the hierarchical charac-
terization is used. The shape factor ¢ here is defined as the
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Figure 8. Time evolution of area fraction actually avail-
able for growth for high (filled symbols) and
low (open symbols) aggregation rate.
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Figure 9. Time evolution of the mean shape factor ¢ for
high (filled symbols) and low (open symbols)
aggregation rate.

fraction of the actual volume of the agglomerate and the
volume of the agglomerate substitution system considering a
cuboid shape:

e ] E’.’wlf l<1[’j> . l<2["j) . lg["j)
=

b=— i i i i i i
e 2 [P+ LPTL0 + 90+ 2

128 =g

(22)

For an agglomerate of two equally sized cubic primary parti-
cles for which no rotation along the aggregation axis has been
performed the shape factor would remain 1, as it is for every
primary particle. The shape factor, therefore, characterizes the
openness of the agglomerate. Figure 9 shows the evolution of
the mean shape factor. The simulations with high aggregation
rate all lead to larger agglomerates and, consequently, to more
open particle structures. Obviously, the shape factor evolution
is the same for both the plate growth and the needle growth in
both aggregation cases, whereas cubic growth leads to more
compact structures.

An important benefit of the characterization and use of the
Monte Carlo approach is that the morphology of the particles
can be explicitly accessed. Each and every agglomerate is
available in its full three-dimensional shape. Figure 10 shows
some particles that are all selected at the end of the simulation
time for the different parameter settings. The agglomerate
structures show that the produced particles are of a quite
realistic shape.

Discussion, Conclusions, and Perspective

The contribution introduces a hierarchical particle character-
ization that reduces the characterization of the agglomerates by
means of substitution systems. By this, the simulation of the
evolution of an ensemble of 10,000 particles becomes possible
on a state-of-the-art desktop computer (3.06 GHz, 2GB RAM)
in a reasonable time (one simulation run took between 4 and
9 h).

According to the construction of the substitution systems, it
is possible that two agglomerates form a larger agglomerate
without actually touching each other. Although this is physi-
cally unreasonable, it is acceptable because this results from
the reduction in complexity, which allows the simulation in the

DOI 10.1002/aic 2443



Cubic Growth, fast aggregation

Needle Growth, fast aggregatio
Rk =< %ﬁ

Cubic Growth, slow aggregation

Needle Growth, slow aggregation

%Eg;—ﬂ;ﬁ

Figure 10. Selected particle morphologies at t = 3600 s.

The first and second columns show the particles with the
highest degree of agglomeration (that is, the highest number
of primary particles per agglomerate) and a particle, which
has not yet encountered any aggregation, respectively. The
third and fourth columns show arbitrarily selected agglom-
erates. Note that the scaling for the particles is not identical.
Particles should not be compared in size but only with
respect to morphology!

first place. Furthermore, this is observed only if the number of
primary particles per agglomerate is high (>10).

Another problem observed for highly agglomerated particles
is the fact that the identification of the growth faces using the
convex hull approach seems to be very restrictive. Very few
faces are actually identified as growth faces, whereas visual
inspection of the agglomerates suggests making more faces
available for growth.

According to these drawbacks, the method seems applicable
to systems only where the agglomerates contain a limited
number of primary particles (<10). For systems leading to a
high degree of agglomeration, extensions to the proposed
method may be necessary.

The focus herein has been on the description of the hierar-
chical particle characterization and its implication. Because of
the very simple kinetics, the contribution does not claim to
simulate any real physical process. When extending the given
case study toward a more realistic system, several extensions
may become necessary. Currently, all particles collide with
equal and constant probability and instantly stick together. In
real systems neither of these assumptions is likely to hold. The
collision frequency will be a function of particle size because
smaller particles are generally more mobile and on the other
side have a smaller cross-sectional area. Additionally, not all
particle collisions will result in a successful formation of a new
aggregate. The larger the aggregates will become, the stronger
are the hydrodynamic forces acting on them, which eventually
leads to a disruption of aggregates. To actually account for the
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local hydrodynamic behavior determining the aggregation
rates, an extension to a Lagrangian approach, where the de-
tailed position in the Euclidian space is considered, is conceiv-
able.

Also the scope of problems to be investigated would increase
if particle nucleation and a nonstationary supersaturation would
be considered. In terms of the characterization, both extensions
are straightforward. However, very high nucleation rates may
limit the efficiency of the Monte Carlo method because very
small time steps will be chosen.

Nevertheless, the generated agglomerate structures appears
to be quite realistic, which makes further consideration of the
proposed characterization very promising, to address problems,
where the shape of the particles is important. However, it is not
only from the perspective of product characterization that the
proposed hierarchical characterization seems promising. The
characterization allows a much more detailed investigation of
aggregation, breakage, or growth processes than is possible
with a simple one- or even two-dimensional particle character-
ization in a population balance framework. This can prove
valuable for mechanistic modeling of attrition'®+!42 and aggre-
gation,*>* where the geometry of the particles seems to be
very important. Additionally, it allows integration of the mo-
lecular level knowledge on agglomeration gained from exper-
imental studies.*>4¢
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Appendix: Substitution System Construction
Primary particles

By formulating appropriate constraints the substitution sys-
tem of point masses can be constructed. The objective of the
constraints is to uniquely define the seven point masses m{/), ,
as well as their positions I{"”> on the respective axis. When the
coordinate systems has its origin in the center of mass of the
primary particle it is obvious from symmetry considerations
that

k=1,2,3 (Al)

(@, ) — 5y (0s1)
mpp,subsl,k+ 3 mppA,subsl,k’

k=1{1,2,3} (A2)

lilu’tj)ZL,kJr 3 l%ubsl k>
For the substitution system to reflect the overall geometry,
the locations of the point masses are chosen to be in the center

of the faces:

l(t 2J)

subst,k

= [, k=1{1,2,3} (A3)

Thus, the only remaining unknown variables are the substitu-
tion masses mi)pjs)ubst 1> mi);{gubst,2’ mt)i;;{s)ubstj’ and mpp <)ubsl7
They are specified demanding a preservation of the moment of
inertia.

The moments of inertia J{*”’, k = {1, 2, 3}, of a cuboid with
the mass m(;” for the rotating around its center of mass with

respect to the axes x; are given by

- 1 o
Jl(!'j) — 5 ml(Jl;J) E

h={1,2,30\k}

[2-0F,  k={1,2,3} (A4)

The moment of inertia of the substitution system of point
masses M/ d e are given by

i o o
Jilulglt,k =2 2 E)lp]s)ubst hl: DS subsl h]
h={1,2.37\k}

— i,J i.j)]2
=2 E mgp,js)ubst,h l}'l[ /)] B
h={1,2,3)\{k}

k=1{1,2,3} (A5)

Demanding that Ji"” = J{"J5. k = {1, 2, 3}, leads to a
linear system in m$ e k = 1,2, 3
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J(l”) O [lg])]z [1({1)]2 mggg,subsl,l
T | e e RS
ngv]) [[(]”-/)]2 [l(zl’j)]z 0 mggg,subsl,S

which has the solution

- mid)
mis =g k=123 (A7)

From the preservation of the total mass
7
E mi)l;';,jzuhsl,k = mgr;j)a k = la 2’ 3 (Ag)
k=1

it follows that m{;2 ., = 0.

Agglomerate particles

The construction of the substitution system for the agglom-
erates is along the same line as for the primary particle.
However, the symmetry assumptions do not necessarily hold.
From the maximum and minimum value of the all primary
particle corners the locations specified by L{”, k = {1, ..., 6}
of the point masses are already known. For the agglomerate i
the remaining unknowns are the values of the seven point
masses Mg, wwsie K = {1, . . ., 7}. For their determination, the
preservation of the center of mass (three equations), the mo-
ment of inertia (three equations), and the total mass (one
equation) is demanded.

The preservation of the center of mass yields

(i) (i) — () (i)
magg,subsl,k+3Lk+3 - magg,subsl,kl‘ ’

k=1{1,2,3} (A9)

The moments of inertia of the original agglomerate are calcu-
lated assuming that the mass of the primary particles is con-
centrated in the origin of the respective primary particle coor-
dinate system:

=
[}

Nagg Npp.i

IO =3 s | e

i=1 j=1

Tk k=A{1,2,3}

— o O O

(A10)

where ¢, is the unit vector in the direction of the axis k.

The moments of inertia of the agglomerate substitution sys-
tem are fully equivalent to Eq. A5. Preservation of the mo-
ments of inertia consequently leads to the linear system in
m) L2k =1{1,2,3)}

agg,subst,

i 0 [LYT [LYTY) [ midesumses
IO =LY 0 [LYT | mieanen | (ALD)
ng) I:L(ll):l2 [L(Zl)]z 0 mggg,subst,S
which allows the computation of m;‘ggys_ubst’k, k= {L, 2, 3}.
Equation A9 then yield the masses mfiggysubst’kﬁ. Again the

mass closure allows computation of the seventh mass point in
the origin of the coordinate system:

6
m;(i[g)g,substj = mfxgg - E mfigg,subs|,k (Alz)
k=1
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